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ABSTRACT: We analyse 1/2 BPS ITA Dp-brane supergravity solutions with B-fields and
their Killing spinor equations. Via probe analysis, we rederive the supersymmetry con-
ditions for DO-Dp with B-fields. In the case of D6 with B-fields, the DO-probe sees a
multi-centred BPS configuration where the B-fields give the location of a wall of marginal
stability. Finally we go beyond the probe approximation and construct a 1/8 BPS super-
gravity solution for a fully back-reacted D0-D6 with B-fields.
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Once the connection to dual non-commutative gauge-theories was realised [1], much work

was done analysing the supersymmetry conditions for DO-Dp brane systems in the presence
of B-fields [2, 3]. In short, D0-D2 will not be supersymmetric for any finite B-field, DO-
D4 is 1/4 BPS with (anti-)self-dual fields Bjo = +Bsy, and D0-D6 requires +B12 B3y £
B3y Bsg+ B12Bsg = 1 for it to be 1/8 BPS. As T-duality maps B-fields to frame rotations,
these systems are T-dual to rotated brane configurations whose supersymmetry conditions

have also appeared in the literature [4].

Once the supersymmetry conditions have been identified, one of the subsequent steps

is identifying supergravity solutions. In the spirit of the AdS/CFT, the supergravity duals



of non-commutative field theories were studied in [5] by considering branes on tilted tori.
Unless other branes are present, despite the obfuscating zoo of induced fluxes, these Dp-
brane B-field solutions are 1/2 BPS and there are no constraints on the B-fields. Apart
from the Dp-brane with B-fields solution, the only other supersymmetric solution appearing
explicitly in the ITA literature is that of D0-D4 Bjg, B34 [6]. To the extent of our knowledge,
the supersymmetric ten-dimensional D0-D6 with B-fields solution has not been written
down explicitly. However, in both four and five-dimensions, prescriptions have been given
for constructing such solutions.

In the absence of fully back-reacted solutions, there are various techniques to glean
a better understanding of the physics. In this paper, we make use of both string theory
scattering amplitudes and DBI DO-probe potentials to get a better picture. From analysing
scattering amplitudes, we see evidence for three regimes: one with sub-critical B-fields
where DO is repelled from D6; a critical B-field regime where there is no force; and a
super-critical B-field where the DO is attracted. So, for large enough B-fields one could
imagine a scenario where DO sits on top of D6. However, this is not the whole story. When
we consider the back-reaction of the D6 with B-field solution, we find that a D0 “sees”
a potential. For the critical B-field, the minimum is at infinity, while as B increases, the
minimum migrates inwards towards the D6, but never reaches the D6-brane for any finite
B-field. All of this chimes well with the work of Denef and Moore [7, 8].

In the literature, in lower dimensions, there are works allowing descriptions of a back-
reacted D0O-D6 BPS state. In the elaborate and far-reaching works of Denef and Moore, a
picture emerges in four-dimensions, of BPS bound states of D-branes either at a single point
or as multi-centred composites [7]. In particular for the D0O-D6 system, in the presence of
large enough B-fields, a wall of marginal stability exists separating a bound D0-D6 state
at finite separation from its infinitely separated constituents [8].

Via the “4D-5D” connection [9], these composites are related to a whole host of su-
persymmetric super-tube, black ring and black hole solutions in five-dimensions [10]. For a
review of these solutions, see [11]. With these solutions in hand, their microstate counting
is an area that has received much attention. In particular, for non-supersymmetric DO-
D6, a description of microstates in terms of intersecting D3-branes was proposed recently
in [13].

While we were winding up this project, we became aware of [14] which was also nearing
completion, and overlaps with some of the material in this paper.

The structure of the rest of this paper runs as follows. In section 2, we write down
1/2 BPS D2, D4 and D6-branes with background B-fields in ITA supergravity. We solve
the Killing spinor equations, and compare the projectors in each case with a Dp-brane
k-symmetry probe. In section 3, as a stepping stone towards a back-reacted description,
we introduce a DO-probe and determine the amount of preserved supersymmetry again via
r-symmetry. We then determine the potential seen by a static DO-probe as a function of
the B-fields. In the case of D6, we recover further evidence for the multi-centres of Denef-
Moore. We also perform a complementary calculation in string theory, and compare the
results with the DBI potentials. In section 4, we explicitly construct a fully back-reacted
DO0-D6 solution with B-fields which preserves 1/8 supersymmetry. This solution is not a



black hole, but we show that the addition of some extra charges will produce a black hole
at the location of the D6. Our conventions and anything that deviates from the thrust of

the main text appears in the appendix.

2 Dp-branes with B-fields

Dp-brane solutions with B-fields in ITA supergravity may be easily constructed by tilting
tori and T-dualising (or alternatively performing an O(d,d) transformation on isometric
directions). Either way, the addition of a B-field, mimics a rotation of the brane configu-
ration. By examining the Killing spinor equations for the resulting solutions, one may see
that the overall effect of turning on a B-field in a Dp-brane background, is simply to rotate
the Killing spinor. As such no supersymmetry is broken and all the solutions we present
in this section will be 1/2 BPS.

B-fields were added to Dp-branes in [5], where the backgrounds were used to explore
the duals of non-commutative field theories. Here we review the D2 case. The approach is
to start with D1 wrapped on one cycle of a T2, x, while at the same time being smeared
over the other cycle, zo. We now tilt this torus by performing an area-preserving coordinate
transformation before T-dualising on the new x5 direction. The final solution is

ds?, = fy ' [—da? + b (da? + dad)] + £, (dr? +r2d02)
sinf
¢ = f,/*nV?, By = @fé 'h,
Fro = sinf0,fy",  Fui2 = —cosOho, f; !, (2.1)
where 0
fo=1+ —52, At =sin?0f, ! + cos? 6. (2.2)
T

As a quick check, note that righting the torus by taking the § — 0 limit, we find, as
expected, the D2 brane solution without B-field.

2.1 Rotated Killing spinors

In this section we explore the effect of how turning on a B-field in a Dp-brane background
affects the Killing spinor equations. In the process, we verify that all these solutions are
1/2 BPS. For clarity we again focus on D2.

We begin with the dilatino variation for pure D2

1 1
0N = —7 30 f e — T 340, £ T2, (2.3)
It can be quickly verified that I'°12¢ = —T'(12é = —¢ satisfies this equation, as expected.

For a D2 with a B-field (2.1) the dilatino variation may be re-written

1
AP = =2 310 gy 1T (1= e M Tg) €

1
—59 £ B0, £ TP (e T Ty ) € (2.4)

!Throughtout this text 2ra’ = 1, so Ba;_1 2; = b;.



where we have used s = sinf, ¢ = cos 6 to compress notation and have also defined a new

angle «
cosa = cos Oh'/?,  sina = sin 9f;1/2h1/2. (2.5)

It is clear that the projector

112y 156 = e,

(COS 9h1/2F012 — sin 9f2_1/2h1/2F11P0)6 = €, (2.6)

satisfies the dilatino variation. It also satisfies the gravitino variations, the details of which
we move to the appendix to reduce clutter. Note that in (2.6), the upper expression
corresponds to the orthonormal frame, where B, = tan «, while the lower corresponds to
coordinate frame. This distinction will be important when we examine the D0-probes in
the next section.

We draw attention again to the 8 — 0 limit: we obtain the projection operation for a
D2-brane i.e. T'g1oe = €. While in the opposite limit § — /2 we find a DO-projector. It
may also be readily verified that the left hand side of (2.6) squares to unity by observing
that both I'g1o and I'11Iy anti-commute and by also making use of (2.2).

For the gravitino variations, ? by redefining the original Killing spinor € in terms of
the Killing spinor with B-field e,

€ = exp(a/2I'2l'11)é, (2.7)

it is possible to write the variations of the gravitino in the presence of the B-field ¢(5) in
terms of the original variation such that

51/1(3) = ea/2F12F“51/1, temporal, D2 transverse directions,

sp(B) = ede/2l2lgy, By parallel directions. (2.8)

Further details for D2 maybe found in the appendix. Similar rotations were observed for
D4 and D6 Killing spinor equations. This observation of rotated Killing spinors echoes [15],
where an extensive analysis of Killing spinors in the presence of T-duality transformations
is presented.

Once we have solved the Killing spinor equations, we may use xk-symmetry [16, 17| as
a consistency check to verify that the projectors are correct. For a brane configuration the
fraction of preserved supersymmetry is determined by the supersymmetry condition of the
gravity background coupled with the following equation:

(1-T,)e=0, (2.9)

where € is the spacetime supersymmetry parameter and I'; is a Hermitian, traceless matrix
that squares to unity. Explicitly it may be expressed as

g > 1 Vl...linVn n
0= L S G B B @10
n=0 ’

2The same is not true for §A. Possibly this is because it is a linear combination of gravitino variation
from M-theory.



where ¢ is the induced matrix on the Dp-brane worldvolume and F, is in the absence of
U(1) Born-Infeld field, up to sign, the background B-field pulled-back to the worldvolume
of the brane. For IIA Dp-branes

et (p— 1
) — <F11+(p 2)/2> ( ettty (2.11)

p+1)1/g Hptl

By considering a D2-probe with worldvolume coordinates (¢,&;) ¢ = 1,2, where
X0=¢ Xi=¢, (2.12)
along with setting F = B, we get the above projector (2.6).

2.2 D4 and D6 branes with B-fields

The earlier construction of D2 with Bis generalises readily to D4 with two orthogonal
B-fields, Bis, B3y and D6 with three orthogonal B-fields, Bys, B3y and Bsg. As for D2,
no supersymmetry is broken: the final solutions are 1/2 BPS. The Killing spinor equations
were solved and the equations of motion verified. In the case of D6 we constructed the
solution by noting the structure in the Killing spinor equations and simply reading off the
solution from the gravitino variation of d15. We present the solutions below.

D4 with B12,B34

ds?, = [y ? [—dad + hy (do? + dad) + ho (da? + da?)] + £,7% (dr? +12d03)

S1 . 52 . Q4
Big = =fy ', Bsy = —f; 'ha, fi=1+—,
1 C2 r
—~1/4 _ _
e = fi M haho) 2, h =St 4
Fro = —51820: f; Fro12 = hic1890, f1 7,
Frosa = hocos10, 1", Frorasa = —hihaciezd, f (2.13)
where the Killing spinor projector is
ealrmru6a2r34FHF11F012346 = €, (214)
and as before we define
cosq; = cih;/Q, sina; = s; 4_1/2h3/2 . (2.15)

D6 with B127 B34, B56

ds?, = fo 7 [~dad + by (da? + da3) + hy (dad + da?) + hs (d2? + da?)]
+ 52 (dr? + r2d03),
Qs

S1 . S9 . S3 ._
Big = —fs'h1, Baa="fs'ha, Bss=—"fs'hs, fo=1+-—=,
C1 (6] C3 T

e’ = f6_3/4(h1h2h3)1/27 hil=sifs !+, (2.16)



with the following fluxes

Fro = s152830, f5 Fro12 = —c15283h10, f5 1, (2.17)
Fro3a = —s1c283h20, f5 1, Fro56 = —s152¢3h30, f5 ', (2.18)
Fro3a56 = —s102¢3hahs0r fy !, Fro1256 = —c189c3h1h30, f5 t (2.19)
Fro1934 = —cicas3hihady fo Fro123056 = —c1cac3hihahsor ot (2.20)

The projector is
6a1F12F11€a2F34F116a3F56F11F01234566 =, (2‘21)

where
cosq; = cihg/Q, sin oy = sif6_1/2hi1/2 . (2.22)

3 DO-probes in D2, D4, D6 B-field backgrounds

Having discussed the backgrounds with B-fields in the last section, we will consider the
introduction a DO-probe, and its effect on the preserved supersymmetry. We initially
consider string theory scattering amplitudes as a first approximation, before including the
back-reaction of the D6 by performing a DBI probe calculation to determine the potentials
seen by such probes. We confirm that these calculations overlap in the large distance limit.
From [18], we know that DO-probes see an attractive, a flat and an repulsive potential
for pure D2, D4 and D6-brane backgrounds respectively. In this section we see how the
introduction of B-fields changes this analysis.

3.1 Kappa symmetry analysis

Here we establish what to expect by examining a supergravity projector for a DO-brane
FHI‘Oe = €, (31)

and considering its compatibility with the 1/2 BPS projectors from the last section. We
will work in orthonormal frame where B = tan «, and will via this analysis, rederive the
supersymmetry conditions.

Introducing the DO-projector into the D2 with B-field background, means ensuring
that the matrix I'11'g commutes with (2.6). As I'1Ty anti-commutes with the pure D2-
projector I'g1o, this is only possible in the limit that sin§ — 0, or alternatively in the infinite
B-field limit. In this limit, the final configuration again recovers half the supersymmetry.

For the D4-background, by examining the projector again, we find the condition
for supersymmetry

sin(a; + ag) =0, (3.2)

where we have allowed for a choice of sign in the projector (2.14), while imposing the DO
projector I'11I'ge = € and the D4 projector I'11I'g1034. This constraint above essentially
removes the D2-projectors leaving the mutually commuting DO and D4-projectors, making
the final configuration 1/4 BPS. In terms of the B-fields it just allows (anti-)self-dual
B-fields.



Finally for the D6-background, we see that the DO-projector and D6-projector anti-
commute. They can only be reconciled if we orchestrate the B-fields, so that we only
impose DO and D4 projectors (or alternatively, D2 and D6-projectors which are manifest
in later solutions)

11T, T'11l01234, T'11l01256, 11003456 (3.3)

in the presence of the constraint
cos(ap £ as £ a3) =0. (3.4)
This configuration is 1/8 BPS.

3.2 Scattering amplitudes

In this section we calculate the force between static Dp-branes in string theory in the
presence of B-fields. By considering the usual cylinder vacuum amplitude [19], we can
weigh the attraction from the graviton, dilaton and B-fields with the repulsion due to the
RR tensor. We simply quote the results with the details being removed to the appendix.
These amplitudes we later compare with the DBI probe results in the large R limit.
Initially, we consider DO-brane located at a finite distance R from D2, D4 and D6-
branes with B-fields. For a D2-brane (stretched along directions zg,x; and x3) with a
magnetic field Bis = b on its worldvolume, the amplitude of the interaction is given by

1 :
A x T3g? m(l —sin0)*G7(R?). (3.5)

Here b = tan 6, and see that as the B-field increases the attraction between the branes
diminishes, until the limit b — oo, where there is no force.

We next consider a D4-brane with B-fields interacting with a D0-brane. The most
general B-field in this case has four non-zero components Bis = —Bs; = by and B3y =
— B3 = by. Following similar analysis to above, the amplitude becomes

— cos 2601 — cos 2609 — 4 sin 01 sin 0

A < TyTyg? 2 Gs (R?), (3.6)

cos 61 cos Oy

where by = tan 6y and by = tan 6. This amplitude vanishes when
2 — cos 201 — cos 205 — 4sin 01 sin Oy = 0, (3.7)

which gives sin 6, = sin 3 or equivalently 6; = 6, corresponding to (anti-)self-dual B-fields.
Finally we move onto a D6-brane with B-field interacting with a DO-brane. The most

general B-field in this case has six non-zero components B1o = — By = by, B3y = —By3 = bs
and Bsg = —Bgs = b3. The same analysis gives the amplitude to be
A~ TGTog§ 1 — cos 207 — cos 205 — cos 203 + 4 sin 64 sin 65 sin 63 G (RQ) 7 (3.8)

6 cos 01 cos 05 cos 05

where by = tan 6y, by = tan s and b3 = tan f3. This amplitude vanishes when
1 — cos 2601 — cos 205 — cos 203 + 4 sin 04 sin 05 sin 63 = 0 (3.9)

This happens for 6 + 0 + 03 = 7/2(mod 27) or equivalently for byby + bobs + b1bs = 1.



3.3 DBI probe analysis

For the backgrounds introduced in section 2 we will consider DO-brane DBI probes. The
action comprises of a Born-Infeld and a Wess-Zumino term,

S = Spr+ Swz,
S = —To/dm—¢ ~P[G + Blyr — qTo/é<1>, (3.10)

where Tj is the tension of the probe. The value of ¢ depends on whether the probe is a
brane (+1) or an anti-brane (—1), and P[G + B] denotes the pull-back of the background
fields to the worldvolume of the DO-brane. C(!) refers to the induced DO-charge resulting
from turning on B-fields in the presence of Dp-branes. In what follows we will make use
of static-gauge. Similar analysis for DO-Dp without B-fields may be found in [18], which
we follow.

For the Dp with B-field backgrounds, the BI term takes the form:

Shr = —m/dTAp\/l — f(72 +1242), (3.11)
where A, depends on Dp-brane B-field background we are probing:

A2 _ f_l/Qh_l/Q,
Ay = (hyhg)™V2,
Ag = Y2 (hyhgohs)~V2. (3.12)

Here m is just the tension of the DO i.e. Ty = m.

The WZ for p = 2,4,6 may be read off from the supergravity solutions introduced
earlier. We then proceed by deriving the canonical momenta p; = JL/dq" and the Hamil-
tonian. The Hamiltonian is a monotonically increasing function of both 7, gz'b, SO0 we set
these terms to zero to find the potential. The potential V' derived from the Hamiltonian
H = mV then takes the simple form

V=A4,+qCW, (3.13)

We can now proceed case by case. We will be interested in analysing the potentials as
the B-fields vary. In the case of D2 and D4 it is possible to tune B, by completing squares,
such that V' is a constant and there is a no force (BPS condition). For D6, this was not
possible but we plotted the potential and noted the minimum.

For D2, the DO-probe sees a potential that gradually flattens as the B-field is increased
until the potential becomes a constant. From

V= f;l/Q (st + 02)1/2 +qsfy (3.14)

we see that only the choice ¢ = 0, ¢ = —1, will make V constant. This agrees with the
earlier xk-symmetry analysis where we noted that in the limit of infinite B-field on the D2,
the D2-charge is dissolved and the probe will only see DO-charge. In this limit there is no



force. Similar features are seen for the later potentials, so from now on we confine ourselves
to finite B-fields.

For zero B-fields there is no force between DO and D4. The addition of B-fields makes
the potential attractive unless the Bjo = Bsy. To see this we complete squares so that V
maybe written

F-1 1/2

V= <s%s%f‘2 + i3+ N ((c152 4 s102)” + (c182 — 8102)2)> —gs1s2f ' (3.15)

By confining ourselves to the first quadrant i.e. ¢; > 0,s; > 0, we see that imposing

s1/c1 = sa/ca,
By = Bsa, (3.16)

leads to a constant potential V = ¢? if ¢ = 1. In orthonormal frame this above self-dual
condition on the B-fields agrees with the earlier x-symmetry (3.2). For this condition on
the B-fields, the induced D2-charge does not attract the DO-probe and it sees only the
source D4-charge and the induced DO-charge via the B-fields. Neither of these exert any
force on the probe.

For D6, the potential starts off repulsive in the absence of B-fields. As one increases the
B-fields, there are two cases to consider. For ¢ < 0, the potential is repulsive. However for
q > 0, as the B-fields are increased beyond a certain value, the repulsion is overcome and
the potential forms a bound state - figure 1. For the critical B-field value, this bound state
is at infinity, but as the B-fields are increased further, the location of the bound approaches
r = 0. We determined the minimum of the potential as a function of coordinates 61, 65 and
03 and found that it was located at

_ cos 01 cos 05 cos 03Q¢
cos(f1 + 62 +03) '
Qs

= . 3.18
b1bg + b1bg + bobs — 1 (3.18)

(3.17)

In moving between the angles of (3.17) and the B-fields of (3.18), we have used Ba; 2i—1 |00 =
b; = tan #;. We have a lower bound on the existence of a supersymmetric DO-D6 system in
terms of asymptotic B-fields:

b1ba + b1bsg + babs > 1. (3.19)

We see here that the B-fields have to be large enough to overcome the repulsion. The
above location of the minimum may seem quite strange until it is repackaged in terms of
orthonormal frame angles «; (2.22), where it becomes (3.4). In other words, the DO probe
knows about Witten’s supersymmetry conditions. This seems like a surprising result as we
have come upon it in a rather circuitous manner.

The finite separation from the D6 in its supersymmetric configuration is evidence in
higher dimensions that supersymmetric D0-D6 will be multi-centered [8], where when (3.19)
is saturated, one finds a marginal stability wall. This all rings well with the work of Denef
and Moore in four-dimensions.
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Figure 1. Potential V' (r) seen by DO probe in D6 BBB background as the B-fields are increased.
In ascending order one sees: a repulsive potential (b = 0); a flat potential at infinity for the critical
value b.,;; for b > b+ this bound state moves inwards; eventually in the large B-field limit the
DO is attracted.

In beautiful work, Denef, Moore and collaborators describe composite BPS bound
states compactified on CY3 from ten to four-dimensions [7, 8]. From [8], the separation

between a composite state of charges I'y and I's is given by
(', T2) |Z1 + Zo|

= _ 3.20
" 2 Im(Z122) (3:20)
where (I', A) is an intersection product on H3(CY3,C).
For this system the holographic central charges are simply:
Z1 = pPrir 3, Zy = —qo, (3.21)

where p? and ¢y are the D6 and DO-charge respectively and by = Rer is the I*" B-field
and a; = Im7y is the area of I'" T2 of T6. By taking the probe approximation p? =
Qecicac3 >> qo (2.17) limit for finite by, ay, after correctly normalising the asymptotic
behaviour, one finds that the distance between D0 and D6 is (3.18), with the pole being
at the same point of moduli space.

Just one more comment: The above potentials all harbour information about the geom-
etry of the D6, while the string scattering amplitudes are all performed at the worldvolume
of the brane. As a result, the gravity effects of the latter are largely overlooked, and to
compare with the potentials seen by the DO-probes in the presence of Dp-brane, we must
look at the large R limit. We expand the DBI potentials (3.13) in R

V(R) =Vo+ Vi(B)/R" P 4., (3.22)

where we use V4 (B) to remind us that the potential is a function of the B-fields. The force,
—dV/dR, which we may directly compare with the amplitude is then

F =Vi(B)/R" P71, (3.23)

,10,



So, when V;(B) = 0, we get a no-force condition for the B-fields in terms of 6;. Bearing in

mind ¢ = +1, we summarise the results in the following:

Dp-brane  Condition on angles
D2 sinf, = —q,
D4 sinfy = gsin s,
D6  sinf; = £ cos(b2 + gb3).

(3.24)

As anticipated, we recover the string theory results. The large distance limit reconciles
these two probe approaches.

4 Supersymmetric D0-D6 solution

The supergravity solution for a large class of three-charge supertube, black hole and black
ring solutions in five-dimensions were found several years ago. For a decent review, we
recommend [12]. These all allow uplifts on 7% to M-theory and preserve at least 1/8 BPS.
From our earlier k-symmetry analysis in section three, we have seen that the desired D0-D6
solution with B-fields will preserve the same amount of supersymmetry. In this section, we
identify that solution from the larger class. In particular, we identify the correct charges
and investigate the conditions imposed on the solution by demanding it to be free of closed-
timelike-curves (CTCs).

4.1 General solution
For an eleven dimensional metric of the form
ds? = — (Z12923) "2 (dt + k)? + (Z1Z2Z3) "3 (ds%,)
+ (2722,23) " (da? + dad) + (£125275) "> (da + da?)
+ (2120252) " (da? + da?) , (4.1)

with a one-form
k=pu(dz + A-dF) +w, (4.2)

and a four-dimensional Gibbons-Hawking base metric ds%:

dsyy = V7 (dz + peos 0de)” + V (dr® +r2d03),
V =1+p/r, (43)

the BPS conditions are satisfied if Z; and p take the following form,

1
Z = §CIJKV71KJKK + Ly,
1 K'K/KK 1

p=cCux——g—+ WKILI + M, (4.4)
and w solves the equation
. . . 1 . .
Vx@=VVM = MYV +3 (KIVLI—LIVKI). (4.5)
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Here K!, Ly, M and V are all harmonic functions allowing multiple centres and in the case
of T%, we have Crjx = |erjx|.
The M-theory three-form potential A®) is given by

A®) = AL A dz'? + A2 A dat + A3 A da™, (4.6)

where the one-form potentials A!, may be expressed thus:

1

K - 1
Al = 7 (dz +peos fdg) + G- dz — - (dt+ k), (4.7)
I

with 3 denoting the solution to
V x gl =-VK'. (4.8)

Having skimmed over the general form of the solution in M-theory, we now reduce to
ITA so that we can make contact with the earlier single-centred D6 B-field solution. The
ten-dimensional solution is then

ds = =7V (dt +w)” + VTIZEE (dady g 4 dad) + £ (dr? + r2d95)

e = fIVTI(212,25) 7,
2
o) = —ﬂ(dt +w) + pcosfdo,

f
1
c® — [_7(6115 +w)+ ﬁl} Adz? =1 A da?! + peos@dp A BP),
I
KI
B — [7 . Zﬂ] dz?I=1 A da?l (4.9)
I

with summation over I and

f=212,73V — V>, (4.10)

To proceed, we need to establish a connection between the coefficients appearing in the
harmonic functions and the asymptotic D6, D4, D2 and DO charges.

From [12], we see that the eight functions of the general solution V, K!, L7, M maybe
identified with the eight independent parameters in the 56 of the E7(7) duality group in
four dimensions:

P’ =-V, pl =K' q=L;, qo=—2M. (4.11)

With these identifications, the quartic invariant Iy, [20] takes the form

2
I = qop'p’p’ — P’ q1q2gs — (0°0 +"ar)” + 4> plan’ s,
I<J

1 1
= —M?V? — gMCUKKIKJKK ~MVK'L; - Z(KIL,)2
1 1
+6VCIJKL[LJLK + ZCIJKC[MNLJLKKMKN. (4.12)

Although the entropy does not depend on the sign of I, it is important as it separates
BPS black hole solutions (I; > 0) from non-BPS solutions (I; < 0). The non-BPS D0-D6
solutions with B-fields were analysed in [21].
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We note that the harmonic functions K!, L; and M correspond to D4, D2 and DO0-
charge respectively. These are in addition to the D6 charge. For D6, D6 with B-fields and
DO0-D6 with B-fields, neither D2 nor D4 charges appear, so we will henceforth set K’ and
L to be constants

K'=kl,  Lr=l. (4.13)

This choice will be validated later when we calculate the charges.

4.2 Solution constraints

As the metric may be shown to be regular even when V' = 0 [12], we only need examine

the presence of CTCs. We primarily concern ourselves with ensuring the metric has the

correct signature asymptotic signature 7, and with eliminating of Dirac-Misner strings.
The first condition may be imposed by demanding that the inequality

frisin® 0 — w3 >0, (4.14)

holds everywhere.
For later purposes, in analysing the second constraint from Dirac-Misner strings, we
consider a two-centre solution of finitely separated DO-charge mso from D6-D4-D2-DO0,

k[
K' = ky+ %,
T
l
L[—l10+%,
mq mo
M = — 4+ = 4.15
mo+ ==+ (4.15)

where ¥ = /r2 + R2 — 2Rrcos . This solution corresponds to a solution located on the
z-axis of R at z = 0 and z = R. The azimuthal angle is given by 6.
When solving for w (4.5), one encounters three kinds of terms on the right hand side

1 -1 1-1 151
2 Vo, SVe - —V-. 41
vr’ VE’ TVE Evr (4.16)

These respectively admit the following solutions for wg:

rcos — R r — Rcosf
P ’ RY ’

with the general solution being a linear combination of these with the addition of a constant

cos d, (4.17)

k. With the above choice of harmonic functions, wy is

1 rcos) — R
we = [m1 —mop + §(kzél11 — l10kD)] cos 6 4+ my <T>
- 0
+pma (77’ g;os > K, (4.18)

Requiring that Dirac-Misner strings vanish on the z-axis corresponds to demanding wg(6 =
0,7) = 0. In terms of the above coefficients, this condition can be met if

1 m
|:m1 — mop—|— 5 (k‘él[l - l[ok‘{):| = —Mm9o = T?p = —K. (419)
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The final expression for wg then becomes

(r+R)
x

wg = My [1 - ] (1 — cosb). (4.20)

Note here that the vanishing of Dirac-Misner strings imposes the asymptotic flatness con-

dition, wgy — 0 as r — oo, for free.

4.3 D6 solutions

The simplest example we consider is single-centred D6. From (4.11), the absence of DO-
charge means that m; = 0. It also leads to CTCs and Dirac-Misner strings, so it should
be set to zero. For similar reasons mg = 0. At this point, only

k=0, =1, (4.21)

will lead to a solution with asymptotic metric 7,,, and no B-fields present.

Next we can consider adding B-fields to the D6. Again the absence of CTC requires
mo = 0. If we define by to be the asymptotic value of the B-field at infinity from (4.9) and
denote the string coupling constant by g5 = e®|., we have

> kLo — 2Kl

by = 4.22
(lersxc [k kg + 2l10) (422

2
3 — S ey kglrokd Lo + 2lersxlolsolo — - ; (K{lro) (4.23)

° HI (2[[0+‘€]JK’]€6]]§?£()2/3
These can be used to find k:é and [ as follows

>z br) (07 + gi” [Tz (05 + gi"

L)) s

/37 /3

ZJ<K bibx —93 ZJ<K bbx —9;1

For simplicity, we take g = 1 henceforth. Finally to get the flat metric 7, asymptot-
ically, we need to rescale coordinates r and ¢ in (4.9) by3
t=f, = fY (4.25)

where we have denoted the asymptotic value of f at infinity by f which is given by

I e+’
foo = 5 by 1) (4.26)

3Since we take gs = 1 we do not need to rescale T° coordinates. In general we need to rescale it by

factor gg/ ‘4
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Using these relationships one may then plough ahead and calculate the asymptotic
charges. Taking into account the rescaling one finds,

Q0 = % e xdC'M) = —i—gvoz () pbybabs,

qr = % . * (dC(3) —HA C(1)> = i—ZVol (T7}) lersx |pbbr,

pl = % . dc® = —i—ZVol (T12) pbr,

P = % T2% §2 act = _41@_7;])' (4.27)

The four-dimensional mass may also be calculated using the rescaled metric

4G, M =p[[(1+83)"2.
I

(4.28)

These charges agree with those computable using the earlier metric (2.16) and fluxes (2.17)
corresponding to the 1/2-BPS D6 with B-fields solution.

Before leaving this example, there is one final remark. As wy = 0, we only require f > 0
everywhere for this solution to be CTC-free. Expanding f, one sees that it is positive if,
pl1; 1o > 0, or alternatively, if

P (1 - bIbJ> > 0. (4.29)
1<J

Now most of the work has been done. We simply have to introduce a DO-charge to the mix.
As seen above, mq is necessarily zero to avoid CTCs. So the presence of CTCs rules out
the introduction of non-induced DO0-charge on top of the D6-brane. In other words, there
is no single-centred supersymmetric D0-D6 solution. The only way to add a DO0-charge
then seems to be to turn on msy, which corresponds to the addition of DO-charge at a finite
distance R. Here we are using the rescaled metric.

Analysis of the vanishing of Dirac-Misner strings (4.19) in the rescaled metric imposes
the following constraints

me = mgp, (4.30)

R = —f1p. (4.31)
The first condition (4.30) here is also required to satisfy (4.14), so it is consistent. The
second sets p < 0, which as mentioned before, causes no problems for regularity.

We now again solve for kg and [y in terms of the new asymptotic B-field

_p(kaé]lJO - Qk(l]l[o) + mso

bl =
p (lersx |k kL + 2110)

(4.32)

and find

(P32 0r0s) (87 +1) +2my Tl (B3 1) +2me Y5

kb = ;o=
P>k bibx — 1)

p (X cr bsbx —1) (4.33)
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Therefore, the distance R is given by

i PPTL (L4 63) + dmy (ma +p (5 br — 11, 60))
ZI<JbIbJ—1 ’

To compare this with the DBI calculation, we simply take the ms — 0 limit. In this limit

= p| [T, (b3 + 1)!/2
ZI<J brby— 1"
Qs

_ 4.35
b1by + babs + b1bg — 17 (4.35)

(4.34)

where in the last line, we recover the same result as the DBI.
This solution is again CTC-free if p [[; {10 > 0, where I are given above (4.33).
Despite the dependence of the B-field on the additional DO-charge ms, one can re-
calculate the charges. After a little bit of algebra, one finds that the charges with three
independent B-fields are

47
qo = ?VOZ(T(i)(—pblbgbg + 2m2),
2
qr = IGIJK\?VOZ(Tfl)Pbem
47
pl = —EVOZ(TIQ)pr,
0 47

=-—"p. 4.36
p P (4.36)

The ADM mass and angular momentum may be expressed

1/2
AG4M = <p2 T (2 +07) + 4my <m2 +p (Z br -] b1> )) : (4.37)
1 1 1

ma|pl
2G,

7 - (4.38)

4.4 Black hole generalisation

The motivation so far has been to see how DO interacts with D6 in the presence of B-fields.
We have noted the presence of three regimes dependent on the B-fields. An immediate
generalisation is to consider D6 with extra charges and B-fields and to once again look at
how the forces balance themselves out in a supersymmetric setting. Recall that we expect
the potential seen by DO to have an attractive contribution from D2 charges, a repulsive
contrbution from D6, with DO and D4 playing the role of onlookers. In principle, via
scattering and DBI probe calculations, one can get better acquainted with this system by
ignoring various degrees of back-reaction.

With the solution constructed in the previous section, it is an easy task to consider
DO in the presence of D6-D4-D2-D0 with B-fields system. Refering the reader to (4.15),

we are considering ma DO-charge at one centre, while turning on kf,l;; and m1 on the D6.
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The charges for this system take the rather simple form:
4 6 1 I
g0 = — Vol (T°) | —pbibabs + gplersrclkibsbr + lobr + 2 (my +ma) |,
4 1
qr = ?Vol (T}) <§|€1JK|prbK — lersx|k{bx — l11> ,

4
pl = Vol (I7) (~pbs + k).

A
P’ = ~ 3P (4.39)

where we consider sums over contracted indices. One can clearly see how the B-fields
induce lower dimensional Dp-brane charges. But, in general, we don’t expect this more
general two-centred configuration to preserve supersymmetry i.e. we expect to run into
CTCs.

However, we have explicitly checked that for a range of the parameters there exists
a CTC-free supersymmetric solution when only D2-charges are present i.e. kf = m; = 0.
Here we present the case where all the L; and b; are equal, with any generalisation being
again immediate. The expression for the asymptotic B-fields is then

_pkolo + 2mo + 3koly
2p(k3 + lo)

b= (4.40)
We use (4.19) to eliminate mg, which along with the finite separation guarantees there are
no Dirac-Misner strings. The expressions for kg and [y in terms of p,l1,mo and b are

_ 2bp(b? + 1) + 2my (p 4 311)(b? + 1) + 4bms

ko = lo=— . 441
07 TpE—1)—3, " p(3b2 — 1) — 3, (441)

The distance between the two centres then becomes

where
i = P2 (L4 6%)° + dmy (ma +pb (3 — 0%)) + (983 + 6Lp (1 — ) (1 + ) + 12blymy

(3pb? — p — 31,)*
(4.43)

The angular momentum of this solution is unchanged from (4.38). This is not surprising
as we haven’t added a D4 magnetic partner for the D2 at the position of the DO-charge
mg. The mass may be expressed as

AG4M = fY4(3pb% — p — 31y). (4.44)

The solution will be CTC-free again if (4.14) is satisfied everywhere.
Reducing to four-dimensions, there is a horizon at 7 = 0. The Beckenstein-Hawking
entropy is given by
SBH = l‘;’pG4. (4.45)

,17,



5 Discussion

In this work we investigated the physics of the supersymmetric D0-D6 system. Our study
culminates in writing down explicitly a 1/8 BPS solution. In the process of this work, we
also glance over simpler Dp-brane systems with B-fields. By probing the D6 with B-fields
background with a DO, the result solidifies our understanding of the dependence of the DO-
D6 solution on B-fields. We see that there is a wall of marginal stability and a two-centred
supersymmetric D0-D6 only exists if the asymptotic B-fields are sufficiently large. Once
this value is exceeded, the separation distance decreases with increasing B-field.

In constructing the final solution, we also had to make use of one extra ingredient. From
electromagnetics, we expect a system which carries both electric and magnetic charges to
generate angular momentum, so our final solution necessarily carries angular momentum.
In terms of the existing five-dimensional black hole and black ring literature, we see how
that absence of Dirac-Misner strings and the correct signature of the metric (no CTCs)
dictate the rest of the story: they rule out a single-centred D0O-D6 and determine the dis-
tance of separation between the sources as a function of the asymptotic B-fields. Although
this solution is not a black hole, we generalise the solution by adding extra charges to the
D6, so that the D6 develops a horizon.

It would be interesting to consider the DO-dynamics from the perspective of the non-
commutative Yang-Mills theory derived from the D6-branes with nonzero B-fields. Our
gravity contruction implies that the BPS object should carry nonzero R-charge, which is
somewhat different from what see in the field theory.

Another open avenue is to consider generalisations of the above D0-D6 solution to DO-
D6-D4-D2-D0 with supersymmetry. One can ask how the addition of more centres helps
preserve supersymmetry. We can also consider charges at the location of the D0, which
should lead to black ring solutions [14]. Within these generalisations there will be black
objects allowing microstate descriptions.
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A Conventions

A.1 T-duality

The action of T-duality on massless NS-NS sector fields G, Bimn, and the dilaton ¢ is
well known. In search of consistent conventions, we choose to adopt the conventions of
Hassan [15] wholesale. In the case of the NS fields these are:

ézz = 1/Gzza 62(13 = 62¢/Gzza

GMV = GMV - (GZ;,LGZV - BzuBzu)/sz qu = _Bzu/sz (Al)

BMV = Buy - (GZMBZV - BZ},LGZV)/GZZ7 Bzu = _qu/Gzz-
Here z denotes the Killing coordinate in which direction we T-dualise, while u, denote
coordinates other than z. The RR fields which are independent of z transform under

T-duality as

CE) vy = a|CUT) = (= 1)(Capn € 1) /G
b, = aClyt)) L, =nBog, CLL) (A.2)

Throughout this paper, we will adopt the a = 41 convention.

A.2 D=11,10 Supergravities

We will follow the conventions of [22] in using a (-,+,+,...) space signature with epi2._ 4 =
+1. The inner product of a ¢-form with a p-form is

aJB = (1/q!)ablmbqﬁbl...bqal...ap_q7 (A3)

and the Hodge dual of a ¢gform in D dimensions is defined by

oy, = (La)ey 4, 7 0y, (A.4)

In D = 11, imposing supersymmetry requires that the variation of the gravitino Wy,

be zero: 1
6Uar = Ve + [FMG(A‘) _ 3G§\?] e=0, (A.5)
where we define the contractions in bold via
1 o
A(n) _ mAil...inF“mzna

m (n — 1)' mig...tn . .
Here 1

Vi =0u + ZWMABFAB7 (A7)
where the spin connection w4 (in any dimension) is calculable from the vielbein

1
WMAB = 5(—CMAB + cABM — cBMA),
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D = 11 supergravity metrics are related to ITA metrics in D = 10 via the reduc-
tion ansatz

ds?\/[ = exp(—2¢/3)d5%1A + exp(4¢/3) (dwu + C(l))Q . (A.9)

In performing this reduction, in addition to the D = 10 ITA metric we also introduce a
scalar field ¢ (dilaton) and a one-form potential C"). The three-form A®) and the field
strength G® = dA®) in D = 11 are then decomposed as

A(g) = 0(3) + BA dxn,

GW = p@® + H A <dI11 + C(l)) ) (A.10)
where
H = dB,
FW = qc® — g AcW. (A.11)

Taking into account the warp-factor e=2#/3 in (A.9), we see that
GW = MBFW L ?BHOIT . (A.12)

The warp-factor will also produce extra terms via the spin connection when we take the
above reduction ansatz and place it in (A.5). If we then make the following redefintions:

A =3¢ 95T, 0y,
- 1
Ym = e 95, + 5Tml1%1),
e = e %/0¢, (A.13)

we obtain the Killing spinor equations of ITA

1 1
oA = [amra - 5H<3>r11 - %e¢F<2>PH + Ze¢1?<4>] é, (A.14)
BTI0) L op@ L op@p |-
6 = | Dy — ZHm 'y — ge T, + ge FYT,, | €. (A15)

A.3 Equations of Motion for ITA

We begin with the bosonic form of the supergravity analysis from Polchinski [19]. The
action may be written:

Srra = Sns + Sr + Scs,

_ ! 2 !
= 2 /[e (R* 1 +4do N (xdo) 2H A (*H))
1 1- . 1
+§F(2) A (xF®) + §F(4) A GFW) + 5B A FW A F(4)] , (A.16)

where 4

FO =W _gacWO, (A.17)

“We have flipped the sign of B in this action so that our definitions of the gauge invariant four-form
F® coincide with Polchinski.
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We also note that we have defined the volume form such that
dz™ A dx™ Ao A de®® = /ZgeP OO A dat Ao A da?, (A.18)

and our Hodge-duality conventions are unchanged from before (A.4). Varying this action
with respect to B, C) and C'®) respectively we get the following flux equations of motion:

_ 1
_ (-2 W A @) 4 L p@ A p@
0 d<e *H> +d<C ARE >+2F AF@,
0=d <*F(2)> 4+ HARF@,
0=d <*F<4>> +HAFW, (A.19)
B D2 B-field Killing spinors

We list the gravitino variations for D2 with B-field (2.1) here. As mentioned in the main
text, the relationship between e and € is given by (2.7).

(w(()B) _ éf?’/‘larf’ll“roe _ %f‘r‘/‘larf’ll‘rue’o‘rmr“e,
_ 0/2Tnln [%f?’/‘*@rfll“”o] (1= Ton)é,
suB) — ga/2 el [—éfg/A‘arf_lP“] (1= Tow)é,
o) = /2l [—éf?’“arf—lrﬂ] (1~ Tow)é,
5P = f 0y — 3 f 0, aT T e — 40, e,
— /22T [f1/43r _ éf3/4arf1:| c. (B.1)

We may also check the variation of the gravitino in one of the external 8 directions on the
transverse sphere, getting

a1/2T12T11 f71/4 |- 1 3/4 —171r0 ~
e T 8.9—§F +§f Brf r (1—F012) €. (BQ)

We will ignore the external variations of the gravitino in all subsequent analysis, confident
that these variations are zero. In each case the variations will simply give us information
about € i.e in the case of D2 we get

e = ¢9/2Tre e¢/2F9¢’77, (B.3)

where 7 is a constant spinor satisfying the projector e® 12l = g,
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C Dp-Dp’ bound state with B-field

We consider the interaction between a Dp-brane which are stretched along directions
20, .- 2P and located at ' = 0,5 = p + 1---9 and a Dp’-brane stretched along directions
20, ... 2P and located at 27 = Y7, j =p +1---9. The open strings which are stretched
between these D-branes are described by following boundary conditions

Xt =0 = 1,..,9

o=0 p=ptl (C.1)
O XF =0 pu=0,.,p
XP=YH* p=9p+1,..9

o= p=p ) (C.2)
0 XF=0 pu=0,.,p

Boundary conditions on world-sheet fermions will be given by supersymmetry transforma-

tion. We find

Xt =phr+ 3 cprahe ™ cosnoe pu=0,....p
- ZreZ—H/Q %a‘r‘e"” sinro w=p +1,...,p (C.3)
=YHrZ 43 o lale ™ sinno p=p+1,...,9,

where for the R-sector ¢ :

P = S dhe R I e ine0) 20,
¢i = ZnEZ dge—in(’r-l—a) ¢li = - ZnEZ dge—in(r—a) H=p + 1’ e 79
U =Sy e = Y e ) g 41 p
(C.4)
while for the N'S-sector
P = Zrez+1/z blrle__ir(T—H’) Yt = ZreZ—H/z b!ﬁ@_ir(f_a) p=0,...p
V=Y ez11)0 ble—ir(r+a) W ==Y ez ble= (™= L =p+1,...,9
wi = Znez bite—in(t+o) Pt = — Znez bite—in(r—0) p=p +1,....p
(C.5)
and the quantization condition in terms of mode expansions are given by
[O#’ O‘Z] = 6r+s5uy, (CG)
{dﬁ,dZ} = r+35w/a (C7)
{bﬁa bryn} = 5n+m5w}-
Therefore the mass spectrum for NS-sector is given by
y? 1 A
2
M= g TN - <§_§>, A=p—p, (C.9)
N = Z .0ty + Z .0+ Z rb_,.by + Z nb_n.by, (C.10)
n>0 r>0 r>0 n>0

and for the R-sector it is given by
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/M2_ Y2 N A_ ]
« = ——+N, =p—p, (C.11)

A2/
8—A A 8—A A

N = Z Op.Cpy + Z OOty + Z nd_,.d, + Z rd_,.d,. (C.12)
n>0 r>0 n>0 r>0

D-branes can interact by exchanging closed strings. This can be expressed in terms of open
string loops. As a result, the amplitude is given by

dt —2mat(p?>+M?2)
_ - i 1
A /Qt ;p e (C.13)

After a bit algebra this amplitude can be written as®

2

A=2V / ;Z_i (8n2a/t) WV 5z (NS — R), (C.14)

where NS and R are given by

3 A 1— 2n A 1 2n A 1— 2n —8
NS = 2 g (H (1E - qg”)1)> (H (1E ++qg”)1)> <H (1( + qg")1)> .

R (1) A () A (I155) T

Now if we restrict ourselves to massless closed string exchange (small ¢ limit) we get

_ptp
2

A=V, (4r%a) (2 — A/2)mGg_,(Y?), (C.17)

where Gg_, is massless Green function in 9 — p-dimensions. As an example, one may
consider D0-D2 where
A=V (472)* 7Gy (Y?), (C.18)

the positive amplitude implies there is an attractive force between D0 and D2.

Having recapped the procedure, we now shift focus and consider two parallel Dp-branes
and turn on a B-fields on the worldvolume of one of these branes. We start by examining
the case where the B-field has just two non-zero components (B,_1 , = —B), ,—1 = 2ma/b).
The boundary conditions are given by

UZO{BUX“:() uw=0,1,...,p
Xt=0 pu=p+1,...,9.

O XF=0 pu=0,1,...,p—2
Do XP~L + 00, XP =0

e XP — b0, XP~1 =0
Xt=Y"* u=p+1,...,9.

(C.19)

5We need to consider appropriate GSO projection.
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After a little algebra, the amplitude may be determined to be

1
A x VpTPQgE m(l — 08 0)2Gy_p(Y?) (C.20)

where, B = tan 6.

Some things to note here: if we switch off the B-field 8 = 0, A = 0 and there is no
force between the branes. For § > 0, we get attraction (A > 0). So we see the attracting
influence of the B-fields on what was an initially BPS configuration of parallel branes.
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